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A c r i t e r i on  of opt imal  s t ruc tu re  of the a r t e r i a l  ne twork  of a skeletal  musc l e  is  suggested,  
namely  min imiza t ion  of its hydraul ic  r e s i s t a n c e  during intensive work.  By the use  of th is  
c r i t e r ion  the ra t io  between the mean  d i a m e t e r  of the v e s s e l s  of d i f ferent  o r d e r s  of branching 
can be de te rmined .  Equat ions were  obtained showing dependence of the hydraulic  r e s i s t ance ,  
volume,  and p r e s s u r e  in ve s s e l s  of different  ca l ibe r  on the o rde r  of branching.  Rough quanti-  
t a t ive  e s t i m a t e s  of the poss ib le  i nc rea se  in blood flow in an intensively working musc le  compared  
with the s ame  musc le  at r e s t  a r e  given.  

KEY WORDS: branching  sys t ems ;  max ima l  vasodilatat ion;  working hyperemia ;  hydraul ic  r e -  
s i s t ance  of the a r t e r i a l  network.  

While m u s c l e s  a r e  working, the i r  energy  expenditure i n c r e a s e s  many  t i m e s  over ,  and because  of th is  
the blood flow in the working m us c l e  m u s t  be  g r e a t e r  than the r e s t i ng  blood flow in o r d e r  to sat isfy the m e t a -  
bolic demands .  So that  the blood flow in an organ can be inc reased  without any change in i ts  p r e s s u r e  on entry,  
the  reg iona l  hydraul ic  r e s i s t ance ,  Rh, of i ts  a r t e r i a l  network m u s t  be  lowered .  When Rh is  min imal ,  the m a x i -  
mal  blood flow will be obtained.  The mos t  natural  and effect ive method of reducing the regional  hydraul ic  
r e s i s t a n c e  is by inc reas ing  the rad ius  of all the v e s s e l s  of whatever  ca l ibe r .  However ,  this  involves i n c r e a s -  
ing the volume of the a r t e r i a l  s y s t e m  of the organ,  which has  as its upper  l imi t  a ce r t a in  max ima l  volume 
VE. This  l imi t ing  volume is de te rmined ,  f i r s t ,  by the functional organizat ion of the musc le  (any design in 
which the  va scu l a r  s y s t e m  would amount  to a cons iderable  pa r t  of the volume of the o rgan  would be functionally 
meaningless )  and, second, the s t rength  p r o p e r t i e s  of the vascu l a r  wall (the r ad ius  of the vesse l  a f t e r  dilatation 
m u s t  exceed the r ad ius  of the vesse l  in the r e s t ing  o rgan  only by that  number  of t i m e s  at  which the integri ty 
of the ve s se l  wall is  not d is turbed) .  Since the max imal  blood flow m u s t  be at tained during intensive work of 
the  m u s c l e ,  it is na tura l ly  in that  s ta te  that  the min ima l  Rh and max ima l  volume VE of the a r t e r i a l  network 
of the o rgans  mus t  be a t ta ined.  However ,  it is poss ib l e  to imagine a set  of va scu l a r  networks  of identical  
s t ruc tu re ,  with the s a m e  volume VE, but with different  va lues  of Rh (because of d i f fe rences  in the ra t io  b e -  
tween the  d i a m e t e r s  of v e s s e l s  of different  ca l ibe r s ) .  Among all these  cons t ruc t ions  it is  n e c e s s a r y  to find 
the one whose hydraul ic  r e s i s t a n c e  will be l eas t .  The a r t e r i a l  s y s t e m  of a musc l e  sat isfying this  condition 
will be  t aken  to be  opt imal ly  organized.  

The a r t e r i a l  ne twork of a skeletal  musc le  cons i s t s  of a branching "pipe" with many  b ranches .  To de-  
s c r i be  such s y s t e m s  whose branching is not by s y m m e t r i c a l  dichotomy but contains many  monopodia,  a con- 
venient  method was sugges ted  by Hor ton  [1] and subsequently developed and used  by S t rah le r  [2]. Without 
going into de ta i l s ,  l e t  it m e r e l y  be said that  the y e s s e l s  can be grouped into "branching o r d e r s "  in accordance  
with a ce r ta in  rule;  as a r e s u l t  of ana lys i s  of a l a rge  number  of m e a s u r e m e n t s  [2-4] it was found that  the 
number  of b r anches  in a branching  o rde r ,  and the mean  lengths and d i a m e t e r s  of v e s s e l s  of different  o r d e r s  
obey the exponential  laws: 

n i  = a i l~ x d i  - -  
l----ff?+. = di+,-Y, (1) 

where  ni is. the number  of  b ranches  in the  i - th  branching order ;  l i  and di the mean  length and d i ame te r  of 
v e s s e l s  of the i - th  o rde r ;  a the coefficient  of branching;  and x and y a r e  unknown constants  cha rac te r i z ing  
the length and diameter of the v e s s e l s  with a change in o rde r  number .  All these  re la t ionsh ips  natural ly  hold 

Depa r tmen t  of P h y s i c s  of Living Sys t ems ,  Moscow Phys ico technica l  Ins t i tu te .  Labo ra to ry  of Biophysics  
and Pathophysiology of the Circula t ion,  Ins t i tu te  of Genera l  Pathology and Pathological  Physiology,  Academy of 
Medical  Sciences  of the USSR, Moscow.  (Presented  by Academic ian  of the Academy of Medical  Sciences  of 
the  USSR A. M. Chernukh.) T r a n s l a t e d  f r o m  Byul le ten '  Ekspe r imen t a l ' no i  Biologii  i Meditsiny,  Vol. 86, No. 9, 
pp. 259-262, Sep tember ,  1978. Original  a r t i c l e  submit ted  March  22, 1978. 

0007 -4888 /78 /8609 -  1119 $ 07.50 © 1979 Plenum Publishing Corpora t ion  1119 



1 

2 

I I + I i ~ r ~ q I t t q t 

Fig.  I .  A r t e r i a l  p r e s s u r e  as  a 
function of o r d e r  of branching of v e s -  
s e l s  fo r  a musc l e  at r e s t  (2) and 
during vasodi latat ion (1). 

non ave rage"  and when applied to va s cu l a r  ne tworks  they desc r ibe  only blood v e s s e l s  within an o rgan  sufficiently 
well .  Let  the l a rge  a r t e r y  supplying the musc le  be taken as  a vesse l  of zero  o rde r ,  and the cap i l l a r i e s  as 
o r d e r  number  z - 1 (the l a s t  branching o rde r ) .  The p rob lem is to find values  of x and y at which the above-  
ment ioned c r i t e r ion  of opt imal i ty  is sa t i s f ied .  

Let  us  f i r s t  de te rmine  the ra t io  between the lengths of blood v e s s e l s  of different  o r d e r s .  I t  follows f r o m  
the function of the c i r cu la to ry  sys t em,  namely  to supply oxygen and nutr ients  to the t i s sue s  and to r e m o v e  
metabo l ic  products  f r o m  them,  that  a ce r ta in  :circle centered  on any point of an organ  (t issue cylinder) mus t  
contain a cap i l l a ry  supplying this  region.  I f  the c h a r a c t e r i s t i c  l i nea r  d imension of the reg ion  is  defined as  
the cube root  of its volume,  and assuming  that  the ra t io  of the length of the vesse l  to the l i nea r  dimension of 
the region supplied by it is  constant  and independent of the o rde r  number  of the vesse l ,  it follows that  the ra t io  
of the length of the v e s s e l s  of succes s ive  o r d e r s  is given by: 

x =-. t~ = d/~ (2) 
l~+~ 

Le t  a vesse l  of the i - th  o r d e r  supply a reg ion  whose volume is  ~ i  and l inear  dimension wi= ~21/s, and le t  a 

ves se l  of the (i + 1)-th o r d e r  supply a region of volume ~2 i + t with l inea r  dimension wi +t = ~21-/s Since a ves se l  
I + I "  

of the i - th  o rde r  b ranches  into a v e s s e l s  of the (i + l ) - th  o rde r ,  ~2i/(~2i+ I) ~ a and, consequently,  w i / ( w i + l ) -  
a I/s, and f r o m  the hypothesis  w i / l  i = cosnt we obtain equation (2) (the a rgumen t  given above is a genera l iza t ion  
of the hypothesis  of s imi l a r i t y  suggested by Chernous 'ko  [5]). 

To de te rmine  the ra t io  between the d i a m e t e r s  of the success ive  o r d e r s  y - -d i / (d i+ l )  , le t  us min imize  the 
hydraul ic  r e s i s t a n c e  of the a r t e r i a l  network of the o rgan  of volume V~.  In view of (2), it is e a sy  to obtain an 
expres s ion  for  VZ: 

z - - 1  2 i 

i = O  

where  di is  the d i a m e t e r  of a vesse l  of the  i - th o rde r ;  10 the  length of the a r t e r y  supplying the muscle; ,  z the 
number  of b ranch ing .o rde r s .  

Le t  us  r e g a r d  blood as a Newtonian fluid. 
rule :  

In that  case  the blood flow qi in the vesse l  obeys  Poiseu i l l e t s  

Apir~ (4) 
q~=~ 8~11~ ' 

where  APi is  the p r e s s u r e  drop along the vesse l ;  ~ the apparent  v i scos i ty  of blood; r i the in ternal  r ad ius  of the 
vesse l ;  l i  i t s  length.  
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The blood flow in one vessel  of the i- th o rde r  is 

qi~'~T (5) 

where  Q is the blood flow through the organ.  This  equation is not exact,  because  the considerable a s y m m e t r y  
of the sys tem of the blood flow differs  in different vesse l s  of the same o rde r .  However, it can be shown that this  
difference is small  and, as  a f i r s t  approximation in this  case it can be d is regarded .  The res i s t ance  of the whole 
sys tem Rh = Ap/Q,  where Ap is the p r e s s u r e  drop along the whole a r te r ia l  network of the muscle  and, accord -  
ing to (4) 

g--1  8q Ii 
Ap =-- -~ .  ~ ,  . _-S4-" qi (6) 

~ 0  r i 

whence whence 
R 128q l z - - I  4i 
h = ~ "  0 ~ a  3 d~-4 

i - - 0  

Minimizing Rh and provided that the volume of the sys tem is equal to VE, we obtain 

(7![ 

d~ ~V~ (8)  
Y =  d--~+~ = . 

Thus the a r t e r i a l  network of a musc le  in which, in a state of maximal  vasodilatat ion the rat io between the di-  
a m e t e r s  of the vesse l s  of consecutive o r d e r s  is equal to the cube root  of the branching coefficient will be 
opt imally organized in the sense of the c r i t e r ion  now introduced. A s imi lar  resul t ,  admittedly based on dif- 
fe rent  a rguments ,  was obtained by Mur ray  [6]. Let  us  compare  our  es t imates  for  the rat io between the lengths 
and d iameters  of  the vesse l s  of success ive  o r d e r s  with the experimental  r e su l t s  obtained by Signal et al. [4]. 
F o r  the in t ramural  a r t e r i a l  network of the human lungs the following values were  obtained experimental ly:  
a = 3.05, x = 1.48, y = 1.58. F o r  this value of the branching coefficient a ,  equations (2) and (8) give x =y = 1.45. 
Clear ly  the experimental  and theore t ica l  r e su l t s  for  the coefficient x a re  in very  close agreement .  Compar i -  
son of the experimental  and theore t ica l  values of the coefficient y is not so demonstra t ive ,  for  in the present  
model  it is determined for  a state of maximal  vasodilatation, but this  cannot be said for  the experimental  
r esu l t .  

F o r  vascu la r  networks whose branching is descr ibed  by equations (1), (2), and (8) it follows that in a 
state of maximal  vasodilatation, f i r s t ,  the total volume of all vesse l s  of the same o rde r  is constant and inde- 
pendent of the branching order ;  in fact  Vi+ 1 =Vi" a / x y  2 =Vi; second, the total a rea  of c ross  section of all 

b a 1/8 ves se l s  of the same o rde r  i nc reases  exponentially with an increase  in the ranching o rde r  Si=S 0 • " , where 
S O is the a rea  of c r o s s  sect ion of the afferent  a r t e ry ;  third,  the hydraulic r e s i s t ance  of all vesse l s  of the 
i - th  o rde r  is equal to the r e s i s t ance  of all vesse l s  of the ( i+ l ) - th  o rder ,  since R i + l  =Ri " y 4 / a x = R i ;  fourth, 
the t ime during which a cer ta in  small  volume of blood s tays  in a vessel  of any o rde r  T1 is the same; in fact, 
T i = l i / v  b where vi is the velocity of the blood flow in a vessel  of the i- th o rder ,  and f rom the equation of con- 
s tancy of  flow ra te  Sivi = const, it follows that  r i = c o n s t ;  fifth, the p r e s s u r e  at the entrance to a vessel  of each 
o r d e r  is a l inear  function of the o rde r  number  (Fig. 1, curve 1). The small dec rease  in the p r e s s u r e  gradient  
in vesse l s  of distal o rde r s ,  ref lec ted  in the graph, can be explained, f i rs t ,  by the fact  that in vesse l s  with a 
d iameter  of under  250-300 g the non-Newtonian proper t i es  of the blood, and in par t icular  the decrease  in ap- 
parent  v iscos i ty  [7], begin to have a significant effect, and second, by the fact  that as Signal et  al [4] showed 
(admittedly, indirectly),  the branching coefficient of vesse l s  of the distal o r d e r s  is a little higher than the mean 
branching coefficient.  Both these  effects ,  not allowed for  in our  model, lead to some decrease  in the r e s i s t ance  
of the vesse l s  of the distal  o r d e r s  compared  with that calculated above and, consequently, to a reduct ion of the 
p r e s s u r e  gradient .  

The argument  given above and the resu l t s  obtained re la ted  to the a r te r ia l  network of an intensively work-  
ing skeletal musc le .  Let  us now examine how the p a r a m e t e r s  of the a r t e r i a l  network change when the muscle  
switches f rom a state of maximal  activi ty to a state of r e s t .  Since the length of the vesse l s  is unchanged during 
t rans i t ion  of the organ f r o m  one state into the other,  equation (2) r ema ins  valid under whatever  conditions the 
musc le  is working. This is also natural  because equation (2) was obtained f r o m  the condition of t ransporta t ion,  
whose appearance is the same  whatever  the state of the organ.  I t  is a different ma t te r  with equation (8). We 
know that the d iamete r s  of blood ves se l s  va ry  depending on the activity of the organ; under these c i rcumstances  
the d iamete r  of a r t e r io les  may be doubled o r  m o r e  when the organ switches f rom a state of r e s t  to a state of 
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maximal activity [8], whereas the diameter of the large muscular a r te r ies  changes only very slightly. Let the 
diameter  of the terminal ar ter ioles  of the working muscle be K times greater  than in the rest ing state, and let  
the diameter  of the a r t e ry  supplying the muscle be unchanged. It follows from the hypothesis that in any steady 
state the ar ter ia l  networks of the muscle obeys an exponential law (1) that in a state of r e s t  

d--!q = a'4. K TM (9) 
di+, 

This increase in the coefficient y, which is, generally speaking, negligible, leads to a qualitative change in the 
appearance of the curve of a r te r ia l  p ressure  as a function of branching order  of the vessels ,  which for a muscle 
at r es t  is S-shaped (Fig. 1, curve 2). The decrease in the pressure  gradient in the vessels  of distal orders  
in this case can be e~plained by the same effects as in hyperemia. The change in res is tance of the ar ter ia l  
network of the muscle during its switch from the resting state to a state of maximal activity can be estimated. 
It  follows from equations (1), (2), and (8) that the hydraulic res is tance of the ar ter ial  network of the working 
muscle R h ~ z .R 0, where R 0 is the res is tance of the afferent ar tery;  z, the number of branching orders .  For  
a muscle at res t ,  the branching of whose ar ter ies  is described by equations (1), (2), and (9), Rh ~ [(K 4 -1 ) / (4 .  INK)]. 
z -R 0. Assuming that the diameter of the terminal  ar ter ioles  of the working muscle is twice their  diameter 
in the resting muscle, the hydraulic res is tance of the ar ter ia l  network of the resting muscle is 5 to 6 t imes 
greater  than during maximal work. Assuming that the diameter of the ar ter io les  may be increased by more 
than twice, an even greater  change in the resis tance of the ar ter ia l  network of the muscle may be obtained (if 
K=3 the res is tance of the working muscle will be only about one-twentieth of that at rest) .  By means of this 
argument it is possible to assess,  admittedly only very roughly, by how much the blood flow in an organ can 
increase during working hyperemia.  
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